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Abstract 

In this paper, we investigate the perturbation analysis of Aj, g when T, S and 
A have some small perturbations on Hilbert spaces. We present the conditions 
■^r ■ that make the perturbation of Aj^ g is stable. The explicit representation for 

■ the perturbation of and the perturbation bounds are also obtained. 
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> ■ 1 Introduction 



Let X,Y be Banach spaces and let B{X,Y) denotes the set of bounded linear op- 
erators from X to Y. For an operator A G B{X,Y), let R{A) and N(A) denote the 
range and kernel of A, respectively. Let T be a closed subspace of X and be a 



(2) 
T,S 

GAG = G, R{G) = T, N{G) = S. (1.1) 



CD ! closed subspace of Y. Recall that Aj. ^ is the unique operator G satisfying 



• ^ ■ 

^ . It is known that (jl.ip is equivalent to the following condition: 

.5^. N{A)nT = {0}, AT + S = Y (1.2) 

(cf. OE]). It is well-known that the commonly five kinds of generalized inverse: the 
Moore-Penrose inverse A'^, the weighted Moore-Penrose inverse A~j^jj^, the Drazin 
inverse A^ , the group inverse A* and the Bott-Duffin inverse A,r-s can be reduced 

to a A^^g for certain choices of T and S. 

(2) 

The perturbation analysis of Aj. ^ have been studied by several authors (see 
[121 [13], [m [T7]) when X and Y are of finite-dimensional. A lot of results about 

the error bounds have been obtained. When X and Y are of infinite-dimensional 

(2) 

Banach spaces, the perturbation analysis of Aj, ^ for small perturbation of T, S and 
A has been done in [7j. 
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In this paper, we assume that X and Y are all Hilbert spaces over the complex 
field C. Using the theory of stable perturbation of generalized inverses established 
by G. Chen and Y. Xue in [21 E], we will give the upper bounds of and 

II^T' S' ~ ^Tsll respectively for certain T', S' and A. The results in this paper 
improve jl4l Theorem 4.4.7]. 



2 Preliminaries 

Let be a complex Hilbert space. Let V he & closed subspace of H. We denote by 
Pv the orthogonal projection of H onto V . Let M, N be two closed subspaces in 
H. Set 

{s\v£>{dist{x, iV) I X G M, ||x|| = 1}, M / {0} 
|o M = {0}' 



(5(M, N) 



where dist{x,N) = inf{||2; — |y G N}. The gap 6{M,N) of M, N is given by 
S{M, N) = max{(5(M, N),5{N, M)}. For convenience, we list some properties about 
5{M,N) and 5{M,N) which come from [9] as follows. 

Proposition 2.1 ([9j). Let M, N be closed subspaces in a Hilbert space H . 

(1) 5{M,N) =0 if and only if M C N 

(2) 5{M, N)=0 if and only if M = N 

(3) 6{M,N) = 6{N,M) 

(4) < 5{M, N) <1,0< 5{M, N) < 1 

(5) 6{M,N) = ||PM-g^||. 

Let A G B{X,Y). If there is C G B(Y,X) such that AC A = A and CAC = C, 
we call C is a generalized inverse of A and is denoted by Aqj. In this case, R{A) is 
closed in Y. 

Recall that A is Moore-Penrose invertible, if there is G B{Y, X) such that 

ABA = A, BAB = B, (AB)* = AB, {BA)* = BA. (2.1) 



The operator B in (j2.ip is called the Moore-Penrose inverse of A and is denoted as 
A~^ . It is well-known that A is Moore-Penrose invertible iff R{A) is closed in Y. 
Thus, A is Moore-Penrose invertible iff Aqj exists. 

Let A, 5A G B{X,Y) and put A = A + 6A. Recall that A is the stable pertur- 
bation of A if R{A) n R{A)^ = {0}. 

The next lemma illustrates some equivalent conditions of the stable perturbation. 

Lemma 2.2 ([EKSj)^ Let A G B{X,Y) with R{A) closed and 5A G B{X,Y) with 
p+||||M|| < 1. Putf = T + 5T. 

[A) The following conditions are equivalent. 

(1) R{A) n R{A)^ = {0} 

(2) N{A)^r\N{A) = {0} 

(3) R{A) is closed and A+j = A+{L + 5AA+)-'^ = {I + A+6A)-^A+ 
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(B) If A is the stable perturbation of A, then R{A) is closed and 

Lemma 2.3. Let A £ B{X,Y) with R{A) closed. If Z G B{Y,X) satisfies the 
conditions: AZA = A and ZAZ = Z , then = P^i^a)^ ^Pr(A) ■ 

Proof. We can check that P;v(-^-)± ZPfj(^) satisfies the definition of the Moore- 
Penrose inverse oi A. □ 
The fohowing result is known when X, Y are ah of finite-dimensional (cf. [Ij). 

Lemma 2.4. Let A e B{X,Y) and T C X, S C Y be closed subspaces. If A^g 
exists, then A^^^ = {Ps±APt)+ with R{A^f^g) = T and N{A^^'^g) = S. 

Proof. The existence of A^^ impHes that N{A) n T = {0}, AT is closed and 
Y = AT + S. Let P: Y ^ S he the idempotent operator. Since R{P) = S and 
R{Iy - P) = AT, it follows that PPs = Ps, PsP = P and (/y - P)AT = AT. 
Noting that 

(ly - P)(Iy - Ps) = Iy + PPs - Ps - P = Iy - P 

(ly - Ps){Iy - P) = Iy - P - Ps + PsP = Iy - Ps, 

we have 

R{Iy - Ps) = {Iy - Ps){R{Iy - P)) = {Iy - Ps)AT = Ps±AT 

and hence R{Ps±APt) = R{Ps±) = is closed. 

Let X £ T and Ps±Ax = 0. Then (Iy — P)Ax = Ax, Ax = PsAx and hence 
= PAx = PPsAx = PsAx = Ax. Since N{A) DT = {0}, we have x = and 
consequently, N{Pg±APT) = T"*-. Therefore, {Ps±APt)~^ exists and 

R{{Ps±APt)+) = {N{Ps±APt))^ = T (2.2) 
N{{Ps^APt)+) = {R{Ps^APt))^ = S. (2.3) 

Since 

{Ps±APt)+Ps± = {Ps^APt)+ = Pt{Ps^APt)+, 
by ([2:2]) and ([O]) . it follows that 

{Ps±APt)+ = {Ps±APt)+{Ps±APt){Ps±APt)+ 
= {Ps^APt)+A{Ps^APt)+ 

and so that A^?]. = {Ps^APt)"^ . □ 

Lemma 2.5 ( [lOj, Theorem 11,P100]). Let M be a complemented subspace of H . 
Let P G B{H) be an idempotent operator with R{P) = M . Let M' be a closed 

subspace of H satisfying 5{M,M') < ^^^n M' is complemented, that is, 

H = R{I -P) + M'. 
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3 main result 



We begin witii tiie key lemma as follows. 

Lemma 3.1. Let A G B{X, Y). Let T C X and S C Y be closed subspaces such that 
A>pQ exists. Let T' be a closed subspace of X such that 5(T,T') < t-t — . 

i + Piiii4Sii 

Then 

\\A\\\\A!^U\5iT,T') 
S(AT,AT') < ^'^ ' . . 

l-{l + \\A\\\\A^^^smT,T') 

Proof. First we show 6{AT,AT') < \\A\\\\A^^'^g\\6{T,T') < \\A\\\\A!f^g\\d{T,T'). 

Let X eT. Then x = A'^^^Ax and ||x|| < P^^^H For any y G T', we have 
\\Ax-Ay\\<\\A\\\\x-y\\. So 

dist(Ax,AT') = inf \\Ax - Ay\\ < Mil inf \\x - y\\ 

= \\A\\d^st{x,T')<\\A\\\\x\\5{T,T') 
<\\A\\\\A^^^s\\\\M\S{T,T'). 

This means that d{AT,AT') < \\A\\\\A^^s\\6{T,T') < \\A\\\\A^^s\\6{T,T'). 
Next we show 

\\A\\\\A^^UsiT,T') 
6{AT',AT)< ^ ' 



1-(1 + P||||42) ||)^(T,TO 



when 6{T, T') < 



i + Piiii4Si'' 



For x' G T' and a; G T, we have 

\\Ax'\\ = \\A{x' - X + x)\\ > \\Ax\\ - \\A\\\\x' -x\\ 
>\\A^^^^\\-^\\x\\-\\A\\\\x'-x\\ 

> ||4'il|-ix'|| - ||4il|-ix' -x\\- \\A\\\\x' - x\\ 

> II^^^II-^IMI - (114)511-1 + PIDIIx' - x||, 

Thus, 

(114)^11-1 + piDiix' - x|| > WA^^^sW'WA - P^'ll 

and consequently, 

\\Ai^^s\\-'\W\\ - WAx'W < \\x'\\{\\Ai^^s\r' + \\AmT\T), 

that is, 

\\A^^^s\\\\Ax'\\ > [l-(l + P||||4)5||)(^(T',r)]||x'||. (3.1) 

Therefore, 

dist{Ax',AT) < \\A\\dist{x',T) < \\A\\\\x'\\6{T' ,T) 
\\A\\\\Ax'\\\\A^^Us{T,T') 



< 



i-(i + p||||4)5ll)^(r,T') 
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i.e., 5{AT',AT) < ^'^ ' „ . when 5{T,T') < 



i-(i + p|||l4') ||)<5(r,ro ' i + p||||4^) I 



The final assertion follows from above arguments. □ 
Proposition 3.2. Let A G B{X, Y) and T d X, S <ZY he closed subspaces such that 

(2) ^ 1 

A)j. a exists. Let T' he a closed subspace of X such that 5{T, T') < 7— , 

l,b f J ^ ' ^ ,, ,(2) ||X2 



(l + PIIP^gi) 



Then A^jl) g exists and 



(1) aP, = Pt>{Lx + A^sPs^AiPr^ - Pt))-i4'>5^ 



(2) WA^J < 



i-||4),||p||^(T,r')' 
(3) 114)^- 4)^11 < l±^||4)^||||4).||p||5(r,T'). 

Proof. By N{A) nT' = {0} when 6{T,T') < 



(l + ||yl||||4) 



(2) 

Let P = AA>p^. Then P is idempotent from Y onto AT along S. By Lemma 
13. H we have 

\\A\\\\aPj\6{T,T') 1 1 
6{AT,AT') < , . < ^ < 



1 - (1 + P||||4%||M(r,T') 1 + ||yl||||4)s|| 1 + ll^ll 
when 6(T, T') < t-t . So AT' is complemented and AT' + = y by 

(1 + P||||4).||)2 

/ON /ON 

Lemma 12.51 Therefore. Aj,, g exists and A)^, g = (Pg±APj'/)~^ by Lemma |2. 41 

Set B = Ps±APt, B = B + Ps±A{Pt' - Pt) = Ps±APt'. Then N{B+) = S 

and R{B) = {{N{B+))^ = S^. So R{B) n N{B+) = {0}, that is, B is the stable 

perturbation of B. 

From Proposition 12.11 (5). we have 

\\B^Ps.A{Pt,-Pt)\\ < \\aP,\\\\A\\\\Pt> - PtW = U^sWUMT^T') < I. 
Hence, by Lemma 12.21 and Lemma 12.31 we have 

aP^, = B+ = Pjv(B)4^ + B+Ps^A{Pt> - Pt))-'B+P^^^^ 
= Pt'{L + A^sPs^AiPT' - PtT'A^sPs^, 

II /l(2) II / II^T.S'II , 

^'^ i-|l4)^||PII<5(r,T') 

\\4ls-4!s\\ = \\B^-B^\\ 

< i±^|i4)^|||i4).||||P^,A(P^, -P^)ii 

<i±^ii4;^iiii4%iiPiiiiPT'-PTii 

= i+^ll4)^llll4)^|IPI|<5(r,r'). 



□ 



5 



Similar to Proposition 13.21 we have 
Proposition 3.3. Let A G B(X,Y) and let T C X, S C Y be closed subspaces 

(2) 

such that Aj.g exists. Let S' C Y be a closed subspace such that 6{S,S') < 
Then L exists and 



2 + \\A\\\\A%\\' 
(1) 4')^, = Prilx + A%(Pis')^ - Ps^)APT)-'A!^!sPis')^- 



l-\\A%\\\\A\\6iS,S')' 



(2) ||4),,||< ^ 

(3) 1142) - II < i±^||4) IIII4) ||pp(5,5') 



(2) 

Proof. Note that Q = ly - AA)^'g is an idempotent operator from Y onto S along 
AT and ^ _^ 

^^^'^'^ ^ 2 + p|||l4),|| - i + \\iY-QW 

So y = AT -j- S' by Lemma 12.51 and hence ^5^5/ exists with ^^5/ = {P^ia^APt)^ ■ 
Using similar methods in the proof of Proposition 13.21 we can get the results. □ 
Now we present the main result of the paper as follows. 

Theorem 3.4. Let A G B{X,Y) and let T, T' C X, S, S' CY be closed subspaces 
such that A^^a exists and max\ 6(T, T'), 5(S, S')} < tt^t . Then A^^} qi 

(i + Piiii4iii)^ 

exists and 

(1) 4',5' = PT'[lx+PT'{I+Air^sPs^MPT'-PT))-'A^^^g{Ps±Ps,±-Ps^)APT'r^ 
X Pt'{Ix + A^^^sPs^A{Pt' - Pt))-'4V5^^s'^- 



(2) \\A}^{s'\\< 



\\A? 

l-\\A^fy\\\A\mT,T') + 6{S,S')) 



(2) II . ll^r,5l 



11,(2) ,(2) ,l + V5 \\A%nA\mT,T') + 6{S,S')) 

[6) \\Arp,o, ^T.sW — 



2 i-||4).||p||(<5(r,r') + ^(5,50)' 

Proof. If 5(T,T') < 7-r , then by Proposition 13.21 A^^) ^ exists and 

4?s = Pt' {I + A^^^gPs±A{PT' - PT))-^A^^^gPs± (3.2) 
11^(2) II 

Il4' sll < ^' . < Il4sll(l + PIIPtsII) (3-3) 

^'^ 1_ 1142)^11 P||5(T,r') 

for 6iT, T) < ^ ^ < ^ 



(1 + P||||4)^||)2 l + \\A\\\\A%\\ 
Noting that P||||4J.|| > p4,5ll ^ 1 and 

(1 + PIIII4) 11)2 > 2 + P||||4)5||(l + P||||4ill) > 2 + Pllll4v 
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by ()3.3p . we have 

S{S, S') < < 77; . 

(1 + P||||4^)^||)2 2 + \\A\\\\4}j 
\\A^^} II 

Hence a!^} ^, exists with H^l^^c/H < ^ and 

' 1-\\aPj\\A\\6{S,S') 

4^;^, = PT'ilx + aP^s(P{S')^ - Ps^)APt')-^A^tIsP{s')^ 
by Proposition 13.31 Thus we have 

^tIs' = Pt' [Ix + Pt'{I + aP^sPs^A{Pt> - Pt))'^ A^^siPs^Ps'^ " Ps^)APt']'^ 

X Pt>{I + 45jPs±A(Pt' - PT))"^45-Psxi^5/X 
by (I32D and 

11^(2) II < \ X I'^^'^^'l 

1 IJ^^^L \\A\\5{S.S') l-\\A%\\\\A\\6{T,T') 

l-\\A\^>,,\\\\A\\&{T,T')^^ " ^ ' ' 

\\At]s\\ 



l-\\A%\\\\AmT,T') + 5{S,S')) 

Moreover, 

114(2) _ 4(2) II _ 114(2) _.(2) .(2) _.(2)|| 

< 114(2) _ 4(2) II , II .(2) _ .(2) II 

< „ ''(f (ii4;,,P(5,50+ii4%ii^(T,T0) 

2 1- 114)^11 p||5(T,r') 

^1 + ^5 Il4,5 



-^Ii4)^iipii(ii4)^,p(5,50 + ii4iii^(r,n) 



2 1- 114)^11 p||5(r,r') 

'|l4%||5(T,r') + ^^^^^ ^ Hs,s')] 

V "^'^ i-||4).||p||(5(r,r') + 5(s,s')) / 

_ 1 + ||4.!?fPII(<5(r,T0 + j(5,y)) 

2 l-||4),||P||(^(r,T0 + <5(5,50)' 

□ 

Lemma 3.5. Let A, A = A + E e B{X,Y) and let T C X , S C Y be closed 

(2) (2) 
subspaces such that A}p ^ exists. Suppose that || A^^|| Hi^H < 1. Then 

4)^ = (Ix + A!^^gE)-'^A!^^g = A!^^g{lY + EaP^^ 

and 



114^,1^11 11^(2) ^,(2) 11^ \\A%\?m 
"^^"-i-ii4iiiiii^ii' " "^^^ "^^"-i-ii4iiiiii^ii 
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Proof. If < 1, then Ix + ^^,5^ ^nd ly + ^^t,s ^re invertible. 

Since {Ix + AP^gE)AP^g = A^^gily + EA^^g), it follows that 

{Ix + AP^gEY^A^^s = ^t]s{Iy + EA^s)"^- (3-4) 
Put B = {Ix + A^gEy^A^g. From we get that 

R{B) = R{APg) = T, N{B) = N{APg) = S, B{A + E)B = B. 

\\A^^^ II 

Therefore, A% = {Ix+A%E)-^A% and H^^^H < gf„„^ • 

1 ~ II^T,sllll^ll 

Since 
we have 

II t(2) _ .(2) II II^T.gf 11-^11 

"•'---^-■-«-i_ii4^>iiii£ir 

□ 

(2) 

As an end of this section, we give the perturbation analysis for Aj^ g when T, S 
and A all have small perturbation. 

Theorem 3.6. Let A, A = A + E £ B{X,Y) and let T, T' C X, S, S' C Y be 

(2) 

closed subspaces such that Aj. g exists and 
max{6{T,T')J{S,S')} < 



(1 + P||||4%||)2' 



If\\A'^>g\\\\E\\ < , then 



C II II -^11 ^ /r,\ 

i + ii4^)^iipii 

(1) 4'',5' = {Ix + Pt'[Ix + Pt'{I + APgPs^A{PT' - PrT^A^^g 

X {Ps±Ps'^ - Psi-)APt'V^Pt'{Ix + APgPs±A{PT' - Pt))"^^^ 
X Pg±Pg,±E}-^PT>{Ix + Pt'{I + APgPg±A{PT' - Pt))'^ 

X APg{Pg^Pg,^ - Pg^)APT>}-' 

X Pt'{Ix + APgPg^A{PT' - Pt))-'4,5^s^^5'^' 

(2) |U(2) II < \\^?!s\\ 

1 - WA^gW [\\E\\ + \\A\\{6{T,T') + 6{S, S'))] ' 

,,,11,(2) ,(2) „ ^ ii4^5r[ii-g|i + ^Piiw^^n+'^(g,^o)] 

1- 114) ||[||E|| + P||(<5(T,T') + 5(S,S'))] 



Proof, yl™ 0/ exists with ||^1?,'' || < 7-7 ^^^^^^^ by Theo- 

' i-||4;,||p||(^(r,ro + <^(s,5')) 

rem [Til when max{6(T. T').S(S. S')} < 3-— . Thus 

(i + pii 114)^11)2 
(2) ii^^iiii4sii i + ii4%iiPii 

Il4'^5'llll^ll < (2) ^ < If < 1, 

1-114) ||p||(5(r,r') + 5(5,5')) i + (||4) ||p||)2 



that is, ||j4^,^_^, II ||ii^|| < 1 by above inequalities for || A^^^|| ||^|| > ||^^^^A|| > 1. 

Consequently, A^^'' S' ~ (-^^ + A^p) g,E)~^A^p} by Lemma [331 Simple computation 
shows that 

WA^^'^ II 

II 1(2) II ^ II^T.SII 



- i-||4)5||{||ii;|| + p||(<5(r,ro + 5(5,50)}' 

^t\s' = {^x + Pt'[Ix + Pt'{I + A^^^sPs±A{Pt' - Pt))-'4'5(^5^^5'^ - 
X APt']'^Pt'{Ix + A^^^sPs^A{Pt> - Pt))"'4'5^5^^(5')^^}~' 
X Pt>{Ix + Pt'{Ix + A^^'jgPs^AiPT' - Pt))-'A^^^s{Ps±Ps,± - Pg^) 
X APt'}-^Pt'{Ix + A^^^sPs^A{Pt' - Pt))-^ aPsPs^P^,^. 

Noting that 



1(2) _ .(2) _ (J , A2 
T' S' T S — \ X ' 



(2 



{Ix + A 



{Ix + A^T' 



F^-l/l(2) _ .(2) 

F^-lC4(2) _ 4(2) _ 4(2) 17^4(2) ^ 



we have 

~ ^T,5 II — Wi^X + ^T^S'^) ^ll(ll^r''',5' ~ ^T,5 II ~^ II^T''',5'-^^T',S'II) 

^ \ n|4(2) _ 4(2) II , 114(2) ||||F||||4(2) I 

- 11 .(2) III, ||Vll^T',S' ^T,5ll II^T',5'II 11-^11 II^T,sl 

1 — I I Arpi gl\\\\E\\ 



< 



\A^^^ l|2 

I^T,5ll 



\E\\ + ^\\A\\{6{T,T') + 5{S,S')) 



4')^||[p|| + p||(^(r,r') + ^(s,s0)] 



□ 
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